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We analyze FTy[Q'^) and _Fp^(Q^), P — tTjT^, rj' , within the local-duality (LD) version of QCD sum 
rules, which allows one to obtain predictions for hadron form factors in a broad range of momentum 
transfers. To probe the accuracy of this approximate method, we consider, in parallel to QCD, a 
potential model: in this case, the exact form factors may be calculated from the solutions of the 
Schrodinger equation and confronted with the results from the quantum-mechanical LD sum rule. 
On the basis of our quantum-mechanical analysis we conclude that the LD sum rule is expected to 
give reliable predictions for -FV(Q'^) and Fnj{Q^) in the region > 5 — 6 GeV^. Moreover, the 
accuracy of the method improves rather fast with growing in this region. For the pion elastic 
form factor, the data at small indicate that the LD limit may be reached already at relatively 
low values of momentum transfers, ~ 4 — 8 GeV^; we therefore conclude that large deviations 
from LD in the region = 20-50 GeV^ reported in some recent theoretical analyses seem unlikely. 
The data on the {r],ri') — >■ 77* form factors meet very well the expectations from the LD model. 
Surprisingly, the BaBar results for the vr" — ^ 77* form factor imply a violation of LD growing with 
even at ~ 40 GeV^, at odds with the 77,77' case and the experience from quantum mechanics. 

PACS numbers: 11.55.Hx, 12.38.Lg, 03.65. Ge, 14.40.Be 



1. INTRODUCTION 

In spite of the long history of theoretical investigations of the pion, its properties are still not fully understood. 
For instance, no consensus on the behaviour of the pion elastic form factor in the region 5 — 50 GeV^ has been 

reached up to now (see Fig. [Ij; the recent BaBar results on the n — >■ 77* transition form factor Q imply a strong 
violation of pQCD factorization in the region of up to 40 GeV^. 
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Fig. 1: Some recent theoretical predictions for the pion elastic form factor 0,0] vs. the data 



At asymptotically large momentum transfers, — > 00, the form factors satisfy QCD factorization theorems [1, Q 

^^,(Q2) ^ 8™,(g2)/2/Q2, F,^(Q2) ^ ^/2/,/Q2^ = 130MeV. (1.1) 

However, the behaviour of the form factors at practically accessible large momentum transfers is still a subject of 
lively discussions. 

Here we study and Fpj{Q^) by making use of the local-duality (LD) version of QCD sum rules 0. An 

attractive feature of this approach is the possibility to obtain predictions for hadron form factors in a broad range of 
momentum transfers without knowing subtle details of their structure. However, because of the approximate character 
of predictions from LD sum rules, it is important to understand the expected accuracy of the form factors obtained 
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by this method. Quantum-mechanical potential models provide a possibility to probe this accuracy: one calculates 
the exact form factors by making use of the solutions of the Schrodinger equation and confronts these results with 
the application of LD sum rules in quantum mechanics. 

This paper is organized as follows: In the next section, we briefly recall some details of LD sum rules in QCD and of 
the LD model for form factors. Section 3 studies the accuracy of the LD model for elastic and transition form factors 
in a quantum-mechanical potential model. The pion elastic form factor is discussed in Section 4 and the P — > 77* 
transition from factors are considered in Section 5. Section 6 gives our conclusions. 



2. LOCAL-DUALITY MODEL FOR FORM FACTORS IN QCD 

A local-duality sum rule is a dispersive three-point sum rule at t = (i.e., infinitely large Borel mass parameter). 
In this case all power corrections vanish and the details of the non-perturbative dynamics are hidden in one quantity 
- the effective threshold Soff (Q^). 

The basic object for the calculation of the pion elastic form factor is the vacuum {AVA) correlator, whereas for the 
transition form factor it is the {AW) correlator, A being the axial and V the vector current. Implementing duality 
in the standard way, the sum rules relate the pion form factors to the low-energy region of Feynman diagrams of 
perturbation theory: 

F^'^iQ'') = J '^^^ J C^S2 Apert(si,S2,Q'), (2.1) 



5off(Q') 



F^^/iQ') ^ J j dsap,,,{s,Q'). (2.2) 


Here Aport(si, S2, Q^) is the double spectral density of the (AVA) 3-point function; crport(s, Q^) = crport(s, qf = 0, = 
—Q^) is the single spectral density of the (AVV) 3-point function. These quantities are calculated as power series in 

Apert(si,S2,g2) = A^°i,t(si,S2,Q') + asAWt(si,S2,Q') + 0(a2), (2.3) 
apert(s,g2) = a^°l,{s,Q^) + 0{al). (2.4) 

The one- loop spectral densities Ap^^^.^ and (Tpeit are well-known (7l-[lH. The two-loop contribution Ap^^j.^ has been 
calculated in [ij]; the two- loop 0{as) correction to Cpert was found to be zero [l3|. Higher-order radiative corrections 
to (Tpert are unknown, but may not be identically zero [l4| . 

As soon as one knows the effective thresholds Scff(Q^) and Scs{Q^), Eqs. (|2.ip and (|2.2I) provide the form factors. 
However, finding a reliable criterion for fixing the thresholds is a very subtle problem investigated in great detail in 

Due to properties of the spectral functions (see, e.g., [17| and references therein for details), the LD form factors 
(I2.ip and (12.2^ obey the factorization theorems if the effective thresholds satisfy the following relations: 

Scff(Q2^CX))=Seff(Q'^00)=47r2/'. (2.5) 

For finite Q^, however, the effective thresholds Scff(Q^) and Scff(Q^) depend on and differ from each other p^. 
The "conventional LD model" arises if one assumes (12.51) for all "not too small" values of (3] : 

Scff(O') =Seff(g2) =47r2/'- (2.6) 

Obviously, the LD model (I2.6P for the effective continuum thresholds is an approximation which does not take into 
account details of the confinement dynamics. The only property of theory relevant for this model is factorization of 
hard form factors. 



^ It might be useful to recall that the ratio of the 0(1) and 0{as) contributions to the pion elastic form factor is not sensitive to the 
details of the effective threshold and may be predicted with high accuracy l]. In particular, at = 20 GeV^ the 0(1) and 0(aa) 
terms give approximately equal contributions to the pion form factor. 
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3. EXACT VS. LD FORM FACTORS IN QUANTUM-MECHANICAL POTENTIAL MODELS 

To probe the accuracy of the LD model, we now consider a quantum-mechanical example: the corresponding 
form factors may be calculated using the solution of the Schrodinger equation and confronted with the results of the 
quantum-mechanical LD model, which is constructed precisely the same way as in QCD. For the elastic form factor, 
it is mandatory to consider a potential involving both the Coulomb and the confining parts; for the analysis of the 
transition form factor one may start with a purely confining potential. 

The basic object for quantum-mechanical LD sum rules is the analogue of the three-point correlator of field theory 

M 

T^^iE,E', Q) = (r' = Q\-l—J{q)-^\r = 0), Q ^ \q\. (3.1) 

H is the Hamiltonian of the model; the current operator J{q) is determined by its kernel {r'\J{q)\r) = exp(iq • 
r) ^(^^(r — r'). We do not take the spin of the current into account, therefore the basic quantum-mechanical Green 
function is the same for both types of form factors discussed above. 

A. Elastic form factor 

The elastic form factor of the ground state is given in terms of its wave function 4' by 

Fei(Q) = (*| J(g)|*) = j dV exp(iq. • r) \^{r)\^ = j d^k^ik) *(fc + q), Q= \q\. (3.2) 
Here, ^ is the ground state of the Hamiltonian 

H=^-- + V,oniirl r^\r\. (3.3) 
Zm r 

Because of the presence of the Coulomb interaction in the potential, the asymptotic behaviour of the form factor at 
large values of Q is given by the factorization theorem [31 

^.(Q) — i^^^, R,^mr-n\ (3.4) 

The quantum-mechanical LD sum rule for the form factor Fc\{Q) is rather similar to that in QCD: The double Borel 
transform {E T, E' T') of p.ip may be written in the form 

rN«(r, T', Q) - 1 dk' exp [-^T^ j dk exp (fc, fc', Q) + r^R_(T, T', Q), (3.5) 

where rpj|^pj.(r, T', Q) describes the contribution of the confining interaction and Ap(!Jj(fc, fc', Q) is the double spectral 
density of Feynman diagrams of nonrelativistic perturbation theory. Fig. [2j 

Setting T' = T = leads to the LD sum rule, in which case rp^j,^. vanishes [l^. The low-energy region of 
perturbative diagrams — below some effective continuum threshold fcoff (Q) — is assumed to be dual to the ground-state 
contribution, which reads Rg Fc\{Q^). Finally, we arrive at the following LD expression for the elastic form factor: 

feott(Q) fcctt(Q) 

^ei°(Q) = ^ J dk J dk'A^^.,ik,k\Q). (3.6) 

^0 




+ 





Fig. 2: Feynman diagrams for the perturbative contributions to three-point functions in nonrelativistic field theory. Wavy lines 
indicate the Coulomb potential. 
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The rather lengthy exphcit result for App'fj(fci, k2, Q) will not be given here. 

The factorization formula (13.41) is reproduced by the LD sum rule p.6p if the momentum-dependent effective 
threshold behaves as 

Ks{Q) > fcLD = (67r2 Rgf'\ (3.7) 



B. Transition form factor 

The analogue of the ir^ transition form factor in quantum mechanics is given by 

F,,^UQ,E)^mJ{Q)j^^\r = Q), (3.8) 

The case of one real and one virtual photon corresponds to £' = and Q 7^ 0. At large Q, the transition form factor 
^trans(Q) = -Ftrans(Q, £' = 0) satisfics the factorization theorem 

Ft_(0) ^ (3.9) 

Recall that the behaviour p.9p does not require the Coulomb potential in the interaction and — in distinction to the 
factorization of the elastic form factor — emerges also for a purely confining interaction. 

The LD sum rule for the form factor Ftrans(Q) is constructed on the basis of the same three-point function p.ip 
and has the form 

fcott(Q) oo 

fLD,(Q) = -^ 1 dkJdk'A^^,ik,k\Q). (3.10) 



• ^ 

Notice that the fc'-integration is not restricted to the low-energy region since we do not isolate the ground-state 
contribution in the initial state. The asymptotical behaviour p.9p is correctly reproduced by Eq. p.lOp for 

kcsiQ ^ oo) = fcLD- (3-11) 



C. Quantum-meciianical LD model 



As is obvious from p.7p and (|3.1ip . the effective thresholds for the elastic and for the transition form factors have 
the same limit at large Q: 

fcoff(Q oo) = fccfF(Q oo) = fcLD- (3-12) 

The LD model emerges when one assumes that also for intermediate Q one may find a reasonable estimate for the 
form factors by setting 

fccff(Q) = fccff(Q) = fcLD. (3.13) 

Similarly to QCD, the only property of the bound state which determines the form factor in the LD model is Rg. 



D. LD vs. exact effective threshold 



Let us now calculate the exact thresholds fccff(Q) and fcoff(Q) which reproduce the exact form factor by the LD 
expression; they are obtained by solving the LD sum rules (13. 6p and (|3.10p using the exact form factors on the left- 
hand sides of these equations. The deviation of the LD threshold fcLD from these exact thresholds measures the error 
induced by the approximation p.l3p and characterizes the accuracy of the LD model. 

For our numerical analysis we use parameter values relevant for hadron physics: m = 0.175 GeV for the reduced 
constituent light-quark mass and a = 0.3. We considered several confining potentials 



Konf(r) =a„(TOr)", n = 2, 1,1/2, 



(3.14) 
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Fig. 3: Exact effective thresholds in quantum mechanics for the elastic (left) and the transition (right) form factors for different 
confining potentials. Rg = \'^{r = 0)^. 



and adapt the strengths cr„ in our confining interactions such that the Schrodinger equation yields for each potential 
the same value of the wave function at the origin, ^^f{r = 0) = 0.078 GeV3/2, which holds for ct2 = 0.71 GeV, cti = 0.96 
GeV, and (Ti/2 = 1-4 GeV. The ground state then has a typical hadron size ^ 1 fm. Figure [3] presents the exact 
effective thresholds. Independently of the details of the confining interaction, the accuracy of the LD approximation 
for the effective threshold and, respectively, the accuracy of the LD elastic form factor increases with Q in the region 
> 5 — 8 GeV'^. For the transition form factor, the LD approximation works well starting with even smaller values 
of Q. 



4. THE PION ELASTIC FORM FACTOR 

For a given result for the pion form factor, we define the equivalent effective threshold as the quantity which 
reproduces this result by Eq. (|2.ip . Figure S] displays the equivalent effective thresholds recalculated from the data 
and from the theoretical predictions for the elastic form factor from Fig. [TJ The exact effective threshold extracted 




Fig. 4: Left: the "equivalent effective threshold" extracted from the data (red) vs. the improved LD model (BLM) of [itI] . 
Right: equivalent thresholds for the theoretical predictions displayed in Fig. [T] 



from the accurate data at low suggests that the LD limit may be reached already at relatively low values of 
« 4 — 8 GeV^. However, the results in the right plot imply that the accuracy of the LD model still does not 
increase — or even decreases — with even in the region ~ 20 GeV^, in conflict with both our experience from 
quantum mechanics and the hint from the data at low Q^. We look forward to the future accurate data expected 
from JLab in the range up to = 8 GeV^. 
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5. THE {Tr°, r],r]') 77* TRANSITION FORM FACTORS 
A. {r],T]') 77* 

Before discussing the 7r° case, let us consider the 77 and 77' decays. Here, one has to take properly into account the 
77 — rj' mixing and the presence of two — strange and nonstrange — LD form factors. Following ,22.\ . we describe the 
flavor structure of 77 and 77' as^ 



. , .uu + dd. 

\v) = I ^ )cos( 



|ss)sm(/), |77, 



V2 



sind) + \ss} cos( 



39.3°. 



(5.1) 



The 77 and 77' form factors then take the form 

F^^iQ^) - ^F„(g2)cos0- i^^,(g2)sin0, F^,^iQ^) = ^F^{Q^) sincP + ^F^iQ^) cose 



(5.2) 



Here, J^„(Q^) and Fs{Q'^) are the form factors describing the transition of the nonstrange and ss-components, respec- 
tively. The LD expressions for these quantities read 



In 



(5.3) 



Ami 



in) (s) 

where cr^J^^ and Up^rt denote Upcrt with the corresponding quark propagating in the loop. In numerical calculations 
we set 777,„ = 777,^ = and mg = 100 MeV. The LD model involves two separate effective thresholds for the nonstrange 
and the strange components [22| : 



= Aii^fl fs « 1.36A. 



(5.4) 



According to the experience from quantum mechanics, the LD model may not perform well for small values of Q^, 
where the true effective threshold is smaller than the LD threshold; however, for larger the LD model in quantum 
mechanics gives accurate predictions for the form factors, as illustrated by Fig. |4l Figure [5] shows the corresponding 
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Fig. 5: LD predictions for rj and 77' vs. experimental data from ^22] (black) and [IJl (red). 



predictions for 77 and 77' mesons. One observes an overall agreement between the LD model and the data, meeting the 
expectation from quantum mechanics. 



^ For comparison with the form factors obtained in a scheme based on the octet-singlet mixing, we refer to [19|| . 
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B. 




Surprisingly, for the pion transition form factor, Fig. [6l one observes a clear disagreement between the results from 
the LD model and the BaBar data [4j . Moreover — in evident conflict with the rj and rj' results and the experience 



from quantum mechanics — the data implies that the violations of LD increase with even in the region « 40 
GeV^! The effective threshold extracted from the BaBar data is compatible with a linear growing function of 
with no sign of approaching the LD limit. 

It is hard to find a convincing answer to the question why nonstrange components in 77, 77', on the one hand, and 
in 77°, on the other hand, should behave so much differently? 



We presented the analysis of the pion elastic and the 7r°, rj, rj' transition form factors from the LD version of QCD 
sum rules. The main emphasis was laid on the attempt to probe the accuracy of this approximate method and the 
reliability of its predictions. Our main conclusions are as follows: 

• The elastic form factor: Our quantum-mechanical analysis suggests that the LD model should work increas- 
ingly well in the region > 4 — 8 GeV^, independently of the details of the confining interaction. For arbitrary 
confining interaction, the LD model gives very accurate results for > 20 — 30 GeV^. The accurate data 
on the pion form factor at small momentum transfers indicate that the LD limit for the effective threshold, 
s^g = 47r^/^, may be reached already at relatively low values = 5 — 6 GeV^; thus, large deviations from the 
LD limit at — 20 ~ 50 GeV^ reported in some recent publications [2J] appear to us rather unlikely. 

• The P — >■ 77* transition form factor: We conclude from the quantum-mechanical analysis that the LD 
model should work well in the region > a few GeV^. Indeed, for the 77 — ^ 77* and rj' — > 77* form factors, 
the predictions from LD model in QCD work reasonably well. Surprisingly, for the tt — >■ 77* form factor the 
present BaBar data indicate an increasing violation of local duality, corresponding to a linearly rising effective 
threshold, even at as large as 40 GeV^. This puzzle has so far no compelling theoretical explanation. Our 
conclusion agrees with the findings of [23l - [25j obtained from other theoretical approaches. 
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6. SUMMARY 
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